
MATH2050a Mathematical Analysis I

Exercise 6 suggested Solution

14. Let A⊆ R, letf:A → R and let c ∈ R be a cluster point of A. If limx→c f

exists, and if |f | denotes the function defined for x ∈ A by |f |(x) := |f(x)|,

prove that limx→c |f | = | limx→c f | .

Solution:

limx→c f exists, we put a = limx→c f . Then, for each ε > 0, there exists

δ > 0, for any x ∈ A ∩ (c− δ, c+ δ), |f(x)− a| < ε.

Since ||f(x)| − |a|| < |f(x)− a|, hence ||f(x)| − |a|| < ε.

15. LetA ⊆ R, let f : A→ R and let c ∈ R be a cluster point of A. In addition,

suppose that f(x) ≥ 0 for all x ∈ A, and let
√
f be the function defined for x ∈ A

by (
√
f)(x) :=

√
f(x). If limx→c f exists, prove that limx→c

√
f =
√

limx→c f

Solution:

Using the above conclusion, if a > 0, |(
√
f)(x) −

√
a| = | |f(x)−a|√

f(x)+
√
a
| ≤

| |f(x)−a|√
a
| ≤ ε√

a
,since ε is abitrary, we have limx→c

√
f =

√
limx→c f . If a = 0,

|(
√
f)(x)− 0| <

√
ε. Hence, limx→c

√
f = 0 =

√
limx→c f .

7. Suppose that f and g have limits in R as x → ∞ and that f(x) ≤ g(x) for

all x ∈ (a,∞). Prove that limx→∞ f ≤ limx→∞ g.

Solution:

Let L1 = limx→∞ f , L2 = limx→∞ g. For each ε > 0, there exists M > 0,

for any x > M , we have

|f(x)− L1| < ε, |g(x)− L2| < ε

Hence, L2 + ε > g(x) ≥ f(x) > L1 − ε. Let ε→ 0, we have L1 ≤ L2.

8. Let f be defined on (0,∞) to R. Prove that limx→∞ f(x) = L if and only if
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limx→0+ f( 1
x ) = L.

Solution:

If limx→∞ f(x) = L, then for each ε > 0, there exists M > 0, for any

x > M , we have |f(x) − L| < ε. Let t = 1
x , hence, we have ∀t < 1/M ,

|f(x)− L| = |f( 1
t )− L| < ε, which implies limt→ f( 1

t ) = L.

If limx→ f( 1
x ) = L, then for each ε > 0, there exists δ > 0, ∀0 < x < δ,

|f( 1
x )−L| < ε. Let t = 1

x , ∀t > 1
δ , |f(t)−L| < ε, which implies limt→∞ f(t) = L.
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